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THE PENROSE TRANSFORM IN QUATERNIONIC GEOMETRY
RADU PANTILIE
Abstract. We study the Penrose transform for the ‘quaternionic objects’ whose
twistor spaces are complex manifolds endowed with locally complete families of em-
bedded Riemann spheres with positive normal bundles.
Introduction
The obvious aim, when trying to solve an equation, is to find all the solutions, ex-
plicitly. However, one is usually satisfied with a subclass of solutions and a procedure
by which all the solutions can be obtained from those in the subclass.
The (arche)typical example is given by the Laplacian on R2(=C ), where any complex-
valued harmonic function is, locally, the sum of a holomorphic and an anti-holomorphic
function.
On R3, the situation was settled, essentially, in [19] : for any complex-valued har-
monic function f , locally defined on R3, there exists a family of maps ϕt : R
3 → C ,
with t ∈ I , and I ⊆ R a closed interval, such that ϕt = ψt ◦ pit , with pit : R
3 → C
orthogonal projections, ψt locally defined holomorphic functions on C , and
(0.1) f =
∫
I
ϕt dt .
On R4, with the Lorentzian signature, this was done by R. Penrose (see [13] and
the references therein). Up to a complexification (in Twistor Theory, the objects are
usually real-analytic) we may assume Riemannian signature.
The procedure by which all of the harmonic functions on R4 can be found is given,
again, by (0.1) , whilst the particular class of solutions is formed of all the functions ϕ
for which there exists a (positive) Ka¨hler structure on R4, with respect to which ϕ is
holomorphic.
The first example, above, admits the obvious higher dimensional generalization
through the classical notion of pluriharmonic function, of complex analysis. Further-
more, the unicity is easy to deal with.
On the other hand, neither the unicity nor the adequate level of generality can be
easily described for the other two examples. Nevertheless, the former problem can be
understood through the classical fact that the integral representations above can be ob-
tained, through the Cˇech cohomology, from elements of H1
(
Z,L2
)
, where Z = O(2) ,
for R3, Z = O(1) ⊕ O(1) , for R4, and L = pi∗
(
O(−1)
)
, with O(k) the holomorphic
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line bundle of Chern number k over the Riemann sphere, and pi the bundle projection
of Z. That is, the Penrose transform establishes a correspondence between certain
cohomology classes over the twistor space Z of M and the ‘pluriharmonic functions’
on M .
In this paper, we study the Penrose transform in the case when, up to conjugations,
the twistor space is a complex manifold endowed with a locally complete family of em-
bedded Riemann spheres with positive normal bundles. On the differential geometric
side, these correspond to what we call ‘quaternionic objects’ (see Section 2 , below).
This way, we retrieve, for example, the already known cases of (classical) quaternionic
manifolds [3] , and, in particular, the anti-self-dual manifolds [6] .
The fact that the parameter spaces of families of embedded Riemann spheres are,
canonically, ‘quaternionic’ has its roots in the fact that the quaternions arise from the
Riemann sphere endowed with the antipodal map. This is explained in Section 1 which
we believe will help the reader to understand the quaternionic objects and the corre-
sponding Penrose transform.
The relevant notion of ‘quaternionic pluriharmonicity’ is constructed in Section 3 .
This is done in two steps, by using the fact that any suitable holomorphic line bundle
over the twistor space of M corresponds to a ‘hypercomplex object’ which is the total
space of a principal bundle over M (see Definition 3.1 , and the comments before it).
Finally, the quaternionic Penrose transform is discussed in Section 4 . We believe
that our approach is as explicit as possible, based on a cohomology result of [4] , and
in the particular case of anti-self-dual manifolds it, essentially, reduces to the approach
of [20] (see, also, [15] ).
1. Where do the quaternions come from?
The idea is that the quaternions arise from the Riemann sphere (endowed with the
antipodal map), as we shall now explain.
A Riemann sphere is a compact Riemann surface Y , with zero first Betti number,
endowed with an involutive antiholomorphic diffeomorphism σ without fixed points.
From the exact sequence of cohomology groups associated to the exponential sequence
{0} −→ Z −→ C −→ C∗ −→ {1} we deduce that H1(Y,C∗) = Z . In particular,
each holomorphic line bundle over Y is determined, up to isomorphisms, by its Chern
number. Furthermore, each element of H1(Y,C∗) is determined by a divisor. Thus, on
denoting by Y the Riemann surface with the same underlying conformal structure as Y
but with the opposite orientation, σ induces an isomorphism H1(Y,C∗) = H1(Y ,C∗)
which preserves the Chern numbers.
On the other hand, if L is a holomorphic line bundle over Y then its conjugate L is
a holomorphic line bundle over Y . Consequently, L is isomorphic to σ∗(L) . Equiva-
lently, there exists an antiholomorphic diffeomorphism τ : L → L , covering σ, which is
complex-conjugate linear on each fibre. Moreover, any two such morphisms differ by the
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multiplication with a nonzero complex number. Furthermore, as τ2 is an isomorphism
of L (covering the identity map of Y ) we have τ2 = λ IdL , for some nonzero complex
number λ . But τ2 is, also, an isomorphism of L which implies that λ is real. There-
fore, by suitably multiplying, if necessary, τ with a complex number, we may assume
τ2 = ±IdL . Note that, τ is unique, with this property, up to a factor of modulus 1.
Proposition 1.1 (cf. [14] ). τ2 = (−1)d IdL , where d is the Chern number of L .
Proof. Suppose that L has Chern number 1. By using the Kodaira vanishing and the
Riemann–Roch theorems, we obtain that H = H0(Y,L) has (complex) dimension two.
Consequently, the elements of H which vanish at a point of Y form a one-dimensional
subspace of H. Therefore we may identify Y = PH and, together with the fact that σ
has no fixed points, we deduce τ2 = −IdL .
Now, the proof follows quickly from the fact that any holomorphic line bundle over
Y , of Chern number d , is of the form Ld, where L has Chern number 1. 
Remark 1.2. Let L be a holomorphic line bundle, of Chern number −1, over a Rie-
mann sphere Y , and let H = H0(Y,L∗) . The proof of Proposition 1.1 shows that,
under the identification Y = PH(= P (H∗) ) , L becomes the tautological line bundle,
canonically embedded into the trivial bundle Y ×H∗.
We can now make the following:
Definition 1.3. Let Y be the Riemann sphere and let H = H0(Y,L) , where L is a
holomorphic line bundle over Y of Chern number 1.
The algebra of quaternions is the unital associative subalgebra H ⊆ EndH formed of
the elements which commute with the complex-conjugate isomorphism induced by τ .
(Briefly, H is formed of the ‘real’ elements of EndH.)
The real multiples of IdH are the real quaternions, whilst the trace-free elements
of H ⊆ EndH are the imaginary quaternions. Also, the (complex) determinant on
EndH restricts to give the Euclidean structure of H . Then the imaginary quaternions
of modulus 1 are linear complex isomorphisms of H of square −IdH . Thus, we obtain
the identification S2 = PH(= Y ) through which any imaginary quaternion of modulus
1 is identified with its eigenspace corresponding to −i . Then, under this identification,
σ is the antipodal map.
Note that, H does not depend of the choice of τ , but only of Y , σ, and L . Moreover,
if L′ is another holomorphic line bundle, of Chern number 1, and H ′ = H0(Y,L′)
then the two embeddings of H into EndH and EndH ′ differ by a composition with an
element of SO(3) acting trivially on R and canonically on R3(= ImH ). In particular,
the automorphism group of H is SO(3) .
2. The main objects of quaternionic geometry
In this section, we define the class of manifolds for which we want to describe the Pen-
rose transform. Up to integrability, the corresponding geometric structure is given by
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the almost co-CR quaternionic structures of [8, 9] , whilst to formulate the integrability
we need the generalized connections of [11] . We start by recalling the latter.
2.1. Principal ρ-connections. Let (P,M,G) be a principal bundle and let F be a
vector bundle over M , endowed with a morphism of vector bundles ρ : F → TM . A
principal ρ-connection on P is a G-invariant morphism of vector bundles C : pi∗F → TP
such that d˜pi ◦ C = pi∗ρ , where pi : P → M is the projection and d˜pi : TP → pi∗(TM)
is the morphism of vector bundles induced by dpi .
The notion of associated connection has a straight generalization to this setting, as
we shall now explain. Let S be a manifold on which G is acting to the left. Denote by
Y = P ×G S the associated bundle, by piY its projection, and by µ : TP ×S → TY the
obvious G-invariant morphism of vector bundles, covering the projection P × S → Y .
On identifying, as usual, pi∗Y (F ) with a submanifold of Y × F , we may define the
associated ρ-connection c : pi∗Y (F ) → TY , as follows: c
(
[u, s], f
)
= µ
(
C(u, f), s
)
, for
any (u, f) ∈ pi∗F and s ∈ S, where [u, s] ∈ Y is the equivalence class determined
by (u, s) ∈ P × S. Note that, if we compose c with the morphism of vector bundles
from TY onto pi∗Y (TM) , induced by dpiY , we obtain pi
∗
Y (ρ) . Indeed, as dpiY ◦ µ is
the composition of the projection from TP × S onto TP followed by dpi , we have
(dpiY ◦ c)
(
[u, s], f
)
= (dpi ◦ C)(u, f) = ρ(f) , for any (u, f) ∈ pi∗F and s ∈ S.
Remark 2.1. Let (P,M,G) be a principal bundle endowed with a principal ρ-connection
C : pi∗F → TP , where F is a vector bundle over M , and ρ : F → TM a morphism of
vector bundles.
Suppose that E ⊆ F is a vector subbundle mapped isomorphically by ρ onto a distri-
bution on M . Then, by restriction, C induces a partial principal connection on P over
ρ(E) . This, obviously, works, also, if E ⊆ FC is a complex vector subbundle mapped
isomorphically by (the complexification of) ρ onto a complex distribution on M .
If S is a vector space on which G acts by linear isomorphisms then any (associ-
ated) ρ-connection on the associated vector bundle Y = P ×G S corresponds to a
covariant derivation ∇ : Γ(Y ) → Γ
(
Hom(F, Y )
)
which is a linear map satisfying
∇(fs) = ρ∗(df) ⊗ s + f(∇s) , for any function f on M and any section s of Y . If
Y = F then we can define the torsion of ∇ which is the section T of TM ⊗ Λ2F ∗
characterised by T (s1, s2) = ρ
(
∇s1s2 −∇s2s1
)
−
[
ρ(s1), ρ(s2)
]
, for any sections s1 , s2
of F .
2.2. Quaternionic objects. A linear quaternionic structure on a (real) vector space
F is an equivalence class of morphisms of associative algebras from H to EndF , where
two such morphisms σ1 and σ2 are equivalent if σ2 = σ1 ◦ a , for some a ∈ SO(3) . If
σ : H → EndF is a morphism of associative algebras then the induced linear quater-
nionic structure on F is determined by σ(S2) , whose elements are the admissible linear
complex structures on F . Thus, a linear quaternionic structure is given by a family of
linear complex structures, parameterized by the Riemann sphere.
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A linear co-CR quaternionic structure on a vector space U is a pair (F, ρ) , where
F is a quaternionic vector space, and ρ : F → U is a surjective linear map such that
(kerρ) ∩ J(kerρ) = {0} , for any admissible linear complex structure J on F ; conse-
quently, C = ρ
(
ker(J + i)
)
is a linear co-CR structure on U (that is, C + C = UC ).
Thus, a linear co-CR quaternionic structure is given by a family of linear co-CR struc-
tures, parameterized by the Riemann sphere.
These notions extend in the obvious way to vector bundles, thus, giving the notion
of almost co-CR quaternionic structure on a manifold. Note that, if F is a quaternionic
vector bundle then the corresponding space Y of admissible linear complex structures
on (the fibres of) F is a sphere bundle, with structural group SO(3) .
Now, let (F, ρ) be an almost co-CR quaternionic structure on M and suppose that
F is endowed with a ρ-connection (compatible with its structural group). Denote by
Y the bundle of admissible linear complex structures on F and let c : pi∗F → TY be
the associated ρ-connection on it, where pi : Y →M is the projection.
Let B ⊆ TCY be the complex distribution given by BJ = cJ
(
ker(J + i)
)
, for
any J ∈ Y . Then C = B ⊕ (ker dpi)0,1 is an almost co-CR structure on Y ; that is,
C + C = TCY .
Definition 2.2. We say that (M,F, ρ, c) is a quaternionic object if C is integrable (that
is, its space of sections is closed under the usual bracket).
Note that, a quaternionic object is a (real) ρ-quaternionic manifold [11] with ρ sur-
jective. In particular, if ρ is an isomorphism then we obtain the classical notion of
quaternionic manifold.
To define the corresponding twistor spaces, suppose that (M,F, ρ, c) is a quaternionic
object for which there exists a surjective submersion ψ : Y → Z such that:
(1) (ker dψ)C = C ∩ C ,
(2) C is projectable with respect to ψ (note that, this is a consequence of (1) , if
the fibres of ψ are connected),
(3) ψ restricted to each fibre of pi is injective.
Then Z endowed with dψ(C) is a complex manifold (with T 0,1Z = dψ(C) ) which
is the twistor space of (M,F, ρ, c) . Furthermore,
(
ψ(Yx)
)
x∈M
, where Yx = pi
−1(x) ,
is a smooth family of embedded Riemann spheres on Z , whose members are the real
twistor spheres.
Example 2.3. Let (U,F, ρ) be a co-CR quaternionic vector space. Then U × F is a
quaternionic vector bundle over U and IdU × ρ is a morphism of vector bundles from
U × F onto TU (= U × U) , giving an almost co-CR quaternionic structure on U .
Moreover, on endowing U ×F with the obvious (classical) flat connection, we obtain
a quaternionic object whose twistor space is the holomorphic vector bundle U , over the
Riemann sphere, which is the quotient of the trivial holomorphic vector bundle S2×UC
through
(
{J} × ρ
(
ker(J + i)
))
J∈S2
; furthermore, U determines (U,F, ρ) [8, 9] .
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Returning to the general case, let Z be the twistor space of the quaternionic object
(M,F, ρ, c) . Then, for any x ∈ M , the normal bundle of the corresponding twistor
sphere ψ(Yx) ⊆ Z , where ψ : Y → Z is as above, is (isomorphic to) the holomorphic
vector bundle of (TxM,Ex, ρx) . Consequently, by applying classical results (see [11] and
the references therein) we obtain that
(
ψ(Yx)
)
x∈M
is contained by a locally complete
family of embedded Riemann spheres parameterized by a complexification of M (in
particular, M is real-analytic); the members of this family are the twistor spheres.
Conversely, up to a conjugation and on restricting, if necessary, to an open subset,
any complex manifold endowed with a locally complete family of Riemann spheres, with
positive normal bundles, is the twistor space of a quaternionic object (consequence of
[11] ).
There is only one more ingredient needed to start describing the Penrose transform
for quaternionic objects: a holomorphic line bundle over the twistor space.
Let Z be the twistor space of the quaternionic object (M,F, ρ, c) . Denoting by KZ
the canonical line bundle of Z (that is, KZ is the determinant of the holomorphic
cotangent bundle of Z) and with ψ : Y → Z as above, we may assume, by passing,
if necessary, to an open neighbourhood of any point of M , that there exists a line
bundle L over Z which is a root of KZ and whose restriction to each twistor sphere
has Chern number −1. Furthermore, as the antipodal map on Y induces an involutive
antiholomorphic involution σ : Z → Z, without fixed points, we have that σ is covered
by an antiholomorpic involution τZ : KZ → KZ . It follows that, we may assume that
there exists an antiholomorphic anti-involution τ : L → L covering σ . Note that, if we
restrict L to the real twistor spheres, then τ give antiholomorphic anti-involutions as
in Section 1 . Also, for classical quaternionic manifolds of dimensions at least eight it
is known that L2 exists globally [16] , [12] .
Remark 2.4. The quaternionic objects are abundant. Various classes of examples can
be found in [10] , [11] . Furthermore, if the twistor space of a quaternionic object is
a complex projective manifold then it is a ‘rationally connected manifold’, one of the
main objects of study of algebraic geometry (see [7] , and the references therein).
3. Quaternionic pluriharmonicity
Let (M,F, ρ, c) be a quaternionic object with twistor space Z. Suppose that L is
a holomorphic line bundle over Z whose restriction to each twistor sphere has Chern
number −1, and which is endowed with an anti-holomorphic anti-involution τ which
covers the conjugation σ on Z induced by the antipodal map on Y . As already men-
tioned, such a line bundle always exists locally (that is, if we pass to an open subset
of M). Let H be the dual of the direct image through pi of ψ∗(L∗) ; that is, the space
of sections of H∗ over each open set U ⊆ M is the space of sections of ψ∗(L∗) , over
pi−1(U) , which are holomorphic when restricted to the fibres of pi.
We may assume FC = H ⊗ E, where E
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tensor product of ψ∗(L∗) and B (note that, the latter is equal to the quotient of
(ker dψ)C through (ker dpi)0,1) is trivial when restricted to each fibre of pi . There-
fore ψ∗(L∗) ⊗ B = pi∗(E∗) , for some vector bundle E over M . Now (cf. [11] ), FC is
equal to the dual of the direct image through pi of B∗ = ψ∗(L∗)⊗pi∗(E) and is therefore
equal to H ⊗ E.
Note that (compare Remark 1.2), Y = PH, and ψ∗(L \ 0) = H \ 0 , as principal
bundles over Y , with structural group C∗. We shall denote by ψH : H \ 0→ L \ 0 the
corresponding bundle-map.
Furthermore, H \ 0 is a principal bundle over M , with group H∗; that is, H is a
hypercomplex vector bundle of real rank four over M . Indeed, for any u ∈ H \ 0 and
z1 + jz2 ∈ H
∗, we may define u · (z1 + jz2) = z1u+ z2τu .
Let piH : H → M and p : H \ 0 → Y be the projections. We have the following
diagram:
(3.1)
H \ 0
ψH
xxrr
rr
rr
rr
rr
p
 piH

L \ 0

Y (= PH)
ψ
xxqq
qq
qq
qq
qq
qq pi
%%▲
▲▲
▲▲
▲▲
▲▲
▲
Z M
Obviously, CH = (dψH)
−1
(
T 0,1(L \ 0)
)
is a co-CR structure on H \ 0 . (Note that,
dp(CH) is the co-CR structure involved in Definition 2.2 .) If q ∈ H
∗ we denote by [q] its
image under the projection onto H∗/C∗ = CP 1 (where C∗ ⊆ H∗ is acting to the right
on H∗). Then [q] 7→ CH · q
−1 is a family of co-CR structures on H \ 0 parametrized by
the Riemann sphere. It follows that H \ 0 is a quaternionic object such that its twistor
space Z(H \ 0) , with respect to its underlying smooth structure, is diffeomorphic to
S2×(L\0) . Furthermore, H∗ acts by twistorial diffeomorphisms onH\0 (corresponding
to holomorphic diffeomorphisms on Z(H \ 0) ).
In fact, H \ 0 is a special type of quaternionic object which we define, next.
Definition 3.1. A quaternionic object (M,F, ρ, c) is hypercomplex if the bundle Y of
admissible linear complex structures on F is trivial and c is the corresponding trivial
flat connection.
For the twistor space Z of a hypercomplex object (M,F, ρ, c) , defined by ψ : Y → Z,
we shall assume that the projection Y = M × S2 → S2 factorises into ψ followed by
a holomorphic submersion from Z onto S2 (obviously, this is automatically satisfied if
the fibres of ψ are connected).
Note that, a hypercomplex object (M,F, ρ, c) with ρ an isomorphism is a classical
hypercomplex manifold.
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Proposition 3.2. Let Z be the twistor space of a quaternionic object (M,F, ρ, c) defined
by ψ : Y → Z . If the fibres of ψ are connected then the following assertions are
equivalent:
(i) There exists a ρ-connection c1 with respect to which (M,F, ρ, c1) is hypercomplex.
(ii) There exists a holomorphic submersion ϕ : Z → S2 whose restriction to each
twistor sphere is a diffeomorphism and which intertwines the conjugation on Z and the
antipodal map on S2.
Proof. If (ii) holds, then ϕ◦ψ : Y → S2 induces a trivializationM = Y ×S2. Conversely,
if (i) holds then the fibres of ψ are contained in the fibres of the projection Y → S2
induced by the trivialization Y =M × S2. Thus, Y → S2 factorises as ϕ ◦ ψ , where ϕ
is as in (ii) . 
For a hypercomplex object (M,F, ρ, c) with twistor space Z we have a distinguished
class of holomorphic line bundles over Z, namely those which are pull backs through ϕ of
holomorphic line bundles over S2. Any such holomorphic line bundle L is characterised
by the fact that ψ∗L is trivial along the fibres of the projection ϕ ◦ ψ : Y → S2.
Proposition 3.3. Let Z be the twistor space of a hypercomplex object (M,F, ρ, c) , with
a decomposition FC = H ⊗ E corresponding to a holomorphic line bundle L over Z.
Then there exists a unique ρ-connection on H which induces the trivial flat connection
on Y and which induces an ‘anti-self-dual’ connection on Λ2H (that is, flat along the
admissible co-CR structures defined by the constant sections of Y (=M × S2) ).
Proof. On identifying S2 = CP 1, assume, firstly, that L = ϕ∗
(
O(−1)
)
, and recall that
the space of sections of H∗ over any open subset U ⊆M is, by definition, the space of
sections of L∗ over pi−1(U) which are holomorphic when restricted to the fibres of pi.
We shall denote in the same way the local sections of H∗ and the corresponding local
sections of L∗.
Let X ∈ TxM , (x ∈M), and let X˜ be tangent to the fibres of ϕ ◦ ψ , along pi
−1(x) ,
and such that dpi(X˜) = X. As ψ∗L is trivial along the fibres of ϕ◦ψ we may define X˜(s) ,
for any local section s of H∗, thus obtaining a holomorphic section of L∗ along pi−1(x) ;
that is, an element of H∗x . We have, thus, obtained a connection on H
∗ with respect
to which the sections obtained as pull backs through ϕ ◦ ψ of holomorphic sections of
O(1) are covariantly constant. As these sections generate each fibre of H∗, this shows
that the obtained connection on H∗ is trivial. Dualizing, we obtain a trivializing flat
connection on H.
Now, let L1 be any other holomorphic line bundle over Z, whose restriction to each
twistor sphere has Chern number −1, and endowed with an antiholomorphic anti-
involution covering σ. Let FC = H1 ⊗ E1 be the induced decomposition. Then the
Ward tranform admits a straight generalization to this setting to show that L1 ⊗ L
∗
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corresponds to a complex line bundle L , over M , endowed with an anti-self-dual ρ-
connection. Consequently, H1 = H ⊗ L , which on endowing with the tensor product
ρ-connection completes the proof. 
Remark 3.4. Let Z be the twistor space of a quaternionic object (M,F, ρ, c) , with a
decomposition FC = H ⊗ E corresponding to a holomorphic line bundle L over Z.
As we have seen, H \ 0 is a hypercomplex object so that there exists a holomorphic
submersion ϕ from its twistor space Z(H \ 0) onto CP 1.
Also, piH : H \0→M is a twistorial map, corresponding to a surjective holomorphic
submersion from Z(H \ 0) onto Z. Then the pull back through this submersion of L is
ϕ∗(O(−1)) .
By using Proposition 3.3 and Remark 3.4 , we can now define the relevant ‘quater-
nionic pluriharmonic’ sheaf, in two steps, as follows.
Definition 3.5. Let (M,F, ρ, c) be a hypercomplex object with twistor space Z, and
a decomposition FC = H ⊗ E corresponding to a holomorphic line bundle L over Z.
Let I and J be anti-commuting admissible linear complex structures on F given
by constant sections of Y (= PH = M × S2) . Then C = ρ
(
ker(I + i)
)
is a complex
distribution onM over which the ρ-connection on H induces a partial connection. As C
is integrable, we may define the exterior covariant differential ∂ mapping (Λ2H)-valued
r-forms on C to (Λ2H)-valued (r + 1)-forms on C , (r ∈ N) .
A section f of Λ2H is hypercomplex pluriharmonic (with respect to the pair (I, J)) if(
∂ ◦ J ◦ ∂
)
(f) = 0 .
For the particular case of (classical) hypercomplex manifolds, the pluriharmonic
functions, also, appear in [2] . However, the operator defining them is due to [20] .
Remark 3.6. With the same notations as in Definition 3.5 , suppose that the connec-
tion on H together with some ρ-connection on E induces a torsion free ρ-connection
∇ on F . Then a quick calculation shows that, for any section f of Λ2H, the following
assertions are equivalent (recall that, in dimension four, a linear quaternionic structure
is just an oriented linear conformal structure):
(i) f is hypercomplex pluriharmonic;
(ii) ∇2f restricted to any quaternionic subspace, of real dimension four, of any
fibre of F , is trace free.
In particular, in this case, the notion of hypercomplex pluriharmonicity does not
depend of the pair (I, J) .
Definition 3.7. Let (M,F, ρ, c) be a quaternionic object with twistor space Z, and a
decomposition FC = H ⊗ E corresponding to a holomorphic line bundle L over Z.
A section f of Λ2H is quaternionic pluriharmonic if the corresponding equivariant
function f˜ : H \ 0→ C is hypercomplex pluriharmonic.
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In the particular cases of hyper-Ka¨hler and quaternionic manifolds, our definition
reduces to the ones considered in [5] and [1] , respectively (note that, the latter is based
on [3] ).
The fact that H∗ acts by twistorial diffeomorphisms on H \ 0 implies that Definition
3.7 does not depend of the choice of I and J on H \ 0 .
4. The Penrose transform
Let (M,F, ρ, c) be a quaternionic object with twistor space Z, and a decomposition
FC = H ⊗ E corresponding to a holomorphic line bundle L over Z. We make the
following definition, where ψ : Y (= PH) → Z is the corresponding surjective co-CR
submersion (recall the diagram (3.1) ).
Definition 4.1. The Penrose transform is the complex linear map associating to each
γ ∈ H1
(
Z,L2
)
the section
(∫
pi−1(x) ψ
∗γ
)
x∈M
of Λ2H.
The injectivity of the Penrose transform is quite straightforward.
Proposition 4.2. If the fibres of ψ are connected then, by passing to an open neigh-
bourhood of each point of M , the Penrose transform is injective.
Proof. If M is a hypercomplex object then this follows quickly from standard argu-
ments, involving Cˇech cohomology and by using [17] . In general, through the pull
back, the proof for H \0 gives, in particular, the required injectivity, locally, on M . 
We say that the quaternionic object (M,F, ρ, c) is of constant type if the co-CR
quaternionic vector spaces (TxM,Fx, ρx) , (x ∈M) , are the same, up to isomorphisms.
Here is the main result of this paper.
Theorem 4.3. Let (M,F, ρ, c) be a quaternionic object with twistor space Z, and a
decomposition FC = H ⊗ E corresponding to a holomorphic line bundle L over Z.
The following statements hold:
(i) If on H \ 0 the sheaf of quaternionic pluriharmonic functions is equal to the
sheaf of hypercomplex pluriharmonic functions (in particular, if H \ 0 admits a com-
patible torsion free ρ-connection) then the image of the Penrose transform is contained
in the space of quaternionic pluriharmonic sections of Λ2H.
(ii) If (M,F, ρ, c) is of constant type, then, by passing, if necessary, to an open
neighbourhood of each point of M , the Penrose transform admits a partial section de-
fined on the space of quaternionic pluriharmonic sections of Λ2H.
The proof of Theorem 4.3 , essentially, relies on the fact that it is sufficient to prove
it for hypercomplex objects. To show this, we need the following result.
Proposition 4.4. Let (M,F, ρ, c) be a quaternionic object with twistor space Z, and a
decomposition FC = H ⊗ E corresponding to a holomorphic line bundle L over Z.
Then there exists a principal ρ-connection C : pi∗HF → T (H \ 0) on (H \ 0,M,H
∗)
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such that the associated ρ-connection on Y (= PH) induces the same co-CR structure
on Y as the one defining ψ : Y → Z.
Proof. This is a consequence of the fact that piH : H \ 0 → M is twistorial and in
particular, at each point, its differential is a co-CR quaternionic linear map (see [8, 9]
for the definition of the latter). Therefore, on denoting by (FH , ρH) the almost co-CR
quaternionic structure of H \ 0 we have dpiH ◦ ρH = ρ ◦ Π where Π : FH → F is
a morphism of quaternionic vector bundles, covering piH . Furthermore, Π factorises
into a morphism of quaternionic vector bundles Π˜ : FH → (piH)
∗(F ) followed by the
bundle-map (piH)
∗(F )→ F .
Now, (piH)
∗
(
FC
)
=
(
(H \ 0)×C2
)
⊗E, whilst FCH =
(
(H \ 0)×C2
)
⊗EH , for some
complex vector bundle EH over H \ 0 , such that, Π˜ is given by the tensor product
of the identity morphism of (H \ 0) × C2 and a morphism of complex vector bundles
from EH onto (piH)
∗(E) . Hence, by taking a section of the latter, we may embedd
(piH)
∗(F ) ⊆ FH , as a quaternionic subbundle, so that the restriction of Π˜ to it is the
identity morphism.
On the other hand, as a structural group, H∗ induces right actions on FH and
on T (H \ 0) , where the former is given by the action on (the first components) of
(piH)
∗(H)
(
= (H \ 0)× C2
)
. Moreover, ρH is equivariant with respect to these actions.
Then the restriction C of ρH to (piH)
∗(F ) is a principal ρ-connection, as claimed. 
Another ingredient needed to prove Theorem 4.3 is a natural extension, to this
setting, of the classical notion of ‘standard (horizontal) vector field’. For this, let
(M,F, ρ, c) be a quaternionic object with twistor space Z, and a decomposition FC =
H ⊗ E corresponding to a holomorphic line bundle L over Z. Endow H \ 0 with a
principal ρ-connection C as in Proposition 4.4 .
Definition 4.5. For any ξ ∈ C2 let B(ξ) be the morphism of complex vector bundles,
from (piH)
∗(E) to TC(H \ 0) given by B(ξ)(u, s) = C
(
u, (uξ) ⊗ s
)
, for any u ∈ H \ 0
and s ∈ EpiH(u) .
Proposition 4.6. On denoting by Rq the right translation by q ∈ H
∗ on H \ 0 (and
(piH)
∗(E) ), we have dRq ◦B(ξ) = B(q
−1ξ) ◦Rq , for any ξ ∈ C
2.
Proof. Let u ∈ H \ 0 and s ∈ EpiH(u) . By the equivariance of C, we have
dRq
(
B(ξ)(u, s)
)
= dRq
(
C
(
u, (uξ) ⊗ s
))
= C
(
u · q, (uξ)⊗ s
)
.
On the other hand,(
B(q−1ξ)◦Rq
)
(u, s) = B(q−1ξ)(u·q, s) = C
(
u·q,
(
(u·q)(q−1ξ)
)
⊗s
)
= C
(
u·q, (uξ)⊗s
)
,
thus completing the proof. 
The morphism of Lie algebras from H (seen as the Lie algebra of H∗) to the Lie
algebra of vector fields on T (H \ 0) extends to a morphism of complex Lie algebras
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from A ∈ gl(2,C) to the sections of TC(H \ 0) . We shall denote in the same way,
the elements of gl(2,C) and the corresponding (fundamental) complex vector fields on
H \ 0 . Then, from Proposition 4.6 , we quickly obtain the following fact.
Corollary 4.7. If ξ ∈ C2 and s is a section of E then the vector field B(ξ)(s) , which
at any u ∈ H \0 is equal to B(ξ)(u, spiH (u)) , satisfies
[
A,B(ξ)(s)
]
= B(Aξ)(s) , for any
A ∈ gl(2,C) .
We now have a convenient way to write CH = (dψH)
−1
(
T 0,1(L \ 0)
)
, namely, CH =
BH ⊕ (ker dpiH)
0,1, where BH is generated by B(e1)(s) , for any (local) section s of E,
with (e1, e2) the canonical basis of C
2.
Proposition 4.8. Let (M,F, ρ, c) be a quaternionic object with twistor space Z, and
a decomposition FC = H ⊗ E corresponding to a holomorphic line bundle L over Z.
Endow H \ 0 with a principal ρ-connection C as in Proposition 4.4 .
Then a section f of Λ2H is quaternionic pluriharmonic if and only if the corre-
sponding equivariant function f˜ on H \ 0 satisfies
((
∂ ◦ J ◦ ∂
)
(f˜ )
)
(X,Y ) = 0 , for any
X,Y ∈ BH .
Proof. The necessity of that condition for f to be quaternionic pluriharmonic is trivial.
For the sufficiency, firstly, note that f is quaternionic pluriharmonic if and only if
(4.1) X
(
(JY )(f˜ )
)
− Y
(
(JX)(f˜ )
)
−
(
J [X,Y ]
)
(f˜ ) = 0 ,
for any sections X and Y of CH .
By writing f˜ with respect to a local section of H \ 0 , a straightforward calculation
shows that (4.1) always holds for any X and Y sections of (ker dpiH)
0,1.
Note that, (ker dpiH)
0,1 is generated by (the fundamental complex vector fields cor-
responding to) those A ∈ gl(2,C) for which the first column is zero. Take X to be
such an A , and Y = B(e1)(s) for some section s of E. Then Corollary 4.7 shows that
[X,Y ] = 0 . Further, JX is given by the matrix whose first column is the opposite of
the second column of A , whilst its second column is zero. Also, JY = B(e2)(s) .
On denoting by ξ
(
∈ C2
)
the second column of A we have that (JX)(f˜ ) = ξ1f˜ .
Hence, Y
(
(JX)(f˜ )
)
=
(
B(ξ1e1)(s)
)
(f˜ ) .
Now, by applying, again, Corollary 4.7 , we obtain that [X,JY ] = B(ξ)(s) . Hence,
X
(
(JY )(f˜ )
)
= JY
(
(X)(f˜ )
)
+
(
B(ξ)(s)
)
(f˜ )
= −ξ2
(
B(e2)(s)
)
(f˜ ) +
(
B(ξ)(s)
)
(f˜ ) =
(
B(ξ1e1)(s)
)
(f˜ ) .
We have, thus, shown that (4.1) is automatically satisfied, also, when X is a section
(ker dpiH)
0,1 and Y is a section of BH . The proof is complete. 
Remark 4.9. A quick consequence of Proposition 4.8 is that, for a hypercomplex
object, the quaternionic pluriharmonic sheaf is the intersection of the hypercomplex
pluriharmonic sheaves, with respect to all possible (anti-commuting) pairs (I, J) .
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Consequently, the following assertions are equivalent, for a hypercomplex object:
(i) The hypercomplex pluriharmonicity does not depend of the pair (I, J) .
(ii) The hypercomplex and the quaternionic pluriharmonicities coincide.
Next, we give the following:
Proof of Theorem 4.3. To prove (i) , by passing, through pull back, to H \ 0 , we may
suppose M hypercomplex and, on it, the sheaf of quaternionic pluriharmonic sections
of Λ2H is equal to the sheaf of hypercomplex pluriharmonic sections of Λ2H. Then, by
using Cˇech cohomology, integral formulae similar to (0.1) can be, locally, obtained for
the sections of Λ2H which are in the image of the Penrose transform. Consequently, the
image of the Penrose transform is contained in the space of quaternionic pluriharmonic
sections of Λ2H.
To prove (ii) , we may complexify M so that H and (consequently) Y are the restric-
tions to M of holomorphic bundles over MC. For simplicity, we denote with the same
H and Y , respectively, these bundles over MC; also, the same for the notation of the
corresponding bundle projections. We, thus, have the same diagram as (3.1) , up to the
fact that M is replaced by MC. Furthermore, we have the following diagram (which,
in part, is the complexification of (3.1) ),
(4.2)
GL(H)
ψH,j
xxqq
qq
qq
qq
qq
q
p
 piH

L \ 0

(Y + Y ) \ Y
ψj
xx♣♣
♣♣
♣♣
♣♣
♣♣
♣♣ pi
&&▼
▼▼
▼▼
▼▼
▼▼
▼▼
Z MC
where GL(H) is the frame bundle of H, Y (= PH) is diagonnally embedded into Y +Y ,
whilst ψH,j is the composition of ψH with the projection onto the j-component of any
frame on H, and similarly for ψj , (j = 1, 2) , and we have, also, denoted by piH the
projection from GL(H) onto MC.
Let ∂j be the partial exterior differential determined by the holomorphic foliation Cj
given by (the connected components of) the fibres of ψH,j , (j = 1, 2) . As GL(H) is
the complexification of (H \ 0)|M , we obtain (through a complexification) a morphism
of holomorphic vector bundles J : C∗2 → C
∗
1 . Then a holomorphic section f of Λ
2H
is (complex-)quaternionic pluriharmonic if and only if the corresponding equivariant
holomorphic function f˜ on GL(H) satisfies (∂1 ◦ J ◦ ∂2)(f˜ ) = 0 .
Note that, GL(H) , as a bundle over (Y + Y ) \ Y , is a principal bundle with group
C
∗×C∗, where the action is induced, by restriction to the diagonal matrices, from the
action of GL(2,C) . Furthermore, ψH,j is a morphism of principal bundles, covering ψj ,
with respect to the morphism of Lie groups C∗ × C∗ → C∗, (λ1, λ2) 7→ λj , (j = 1, 2) .
Let f be a section of Λ2H and let f˜ be the corresponding equivariant function on
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GL(H) . Then, for any (λ1, λ2) ∈ C
∗ × C∗, we have
(4.3) R∗(λ1,λ2)
(
(J ◦ ∂2)(f˜ )
)
= λ−21 (J ◦ ∂2)(f˜ ) ,
where R∗ denotes the pull back transformation induced by the right translation. This
is straightforward if we restrict to the fibres of piH . Further, the proof of Proposition
4.4 works in this setting as well by passing, if necessary, to an open neighbourhood of
each point of M . Consequently, Proposition 4.6 can be easily adapted to this setting,
and by using it (4.3) quickly follows.
Consequently, if f is a quaternionic pluriharmonic section of Λ2H then the partial
1-form (J ◦∂2)(f˜ ) defines a 1-cocycle, for the relative de Rham cohomology (see [4] ) of
L2, with respect to ψ1 , whose first group we denote by H
1
ψ1
(
Z,L2
)
. Consequently, we
have obtained an injective linear map, into this cohomology group, from the space of
quaternionic pluriharmonic sections of Λ2H (on integrating (J ◦∂2)(f˜ ) along the fibres
of piH we obtain f , up to a nonzero constant factor).
Therefore (ii) is proved if, locally, we have H1
(
Z,L2
)
= H1ψ1
(
Z,L2
)
. From the main
result of [4] , we deduce that, locally, this holds if the fibres of ψ are contractible. Now,
if (M,F, ρ, c) is of constant type, we may assume that the images through piH of the
fibres of ψ are totally geodesic with respect to a (classical) connection on MC. Thus,
in this case, by passing to any convex neighbourhood over which Y is trivial, we have
the desired cohomology isomorphism, and the proof is complete. 
Remark 4.10. From Proposition 4.2 and Theorem 4.3 we obtain that, locally, the
Penrose transform is an isomorphism in the following cases:
(1) for (classical) quaternionic manifolds [3] (see, also, [6] , for the particular case of
anti-self-dual manifolds).
(2) for co-CR quaternionic vector spaces (this was, essentially, proved in [18] ).
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